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Abstract

It is not weakness of nonlinearity but sparseness of nonlinear couplings that
plays a key role in the sparse direct-interaction perturbation (SDIP), which
is a second-order moment closure theory for nonlinear dynamical systems.
The SDIP is similar but different in procedure from Kraichnan’s direct-
interaction approximation (DIA). Homogeneous Navier—Stokes turbulence is
an example of dynamical systems in which nonlinearity is strong in magnitude
but sparse in coupling. In order to clarify the importance of sparseness of
coupling, we formulate SDIP for a model equation which has three parameters:
coupling density, strength of nonlinearity and the number of degrees of freedom.
By the help of numerical simulations, it is shown that SDIP is applicable when
the coupling density is sufficiently smaller than the square root of the number of
degrees of freedom, even if the strength of nonlinearity is infinitely large. This
implies that the applicability of SDIP has nothing to do with the Gaussianity of
a dynamical variable, whereas DIA is often explained as a theory based on it.
The SDIP is also applied to a shell model of turbulence with sparse coupling
which exhibits the Kolmogorov similarity. The solution to SDIP equations is
consistent with inertial range properties such as the —% power law of the energy
spectrum.

Mathematics Subject Classification: 76F20, 37M99, 76F55

1. Introduction

Nonlinearity of a dynamical system is characterized by two parameters: strength and coupling
density. The former represents the ratio of magnitudes of nonlinear and linear terms, which
corresponds to the Reynolds number in the Navier—Stokes system. The latter is defined by the
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number of direct interactions between two modes. Let us consider the properties of these two
parameters in homogeneous fluid turbulence described by the Navier—Stokes equation,

9 3 3
Sk ) =3 "% Mino) 3% uj(—p, Dum(—g,1) = vk uik, 1), 0]
j=1m=1 (k+5+qq= 0)

where u; (k, t) is the Fourier component of velocity, k is the wavenumber, and

i (2n)’ 2kik ki
Mijm(k) = _5 T kmfsij +kj8im - T . (2)

The flow is assumed to be periodic in three orthogonal directions with period L (see chapter V
of [1] for derivation). The Reynolds number is defined by the ratio of magnitude of nonlinear
and linear dissipative terms on the right-hand side of (1), which is much larger than unity in fully
developed turbulence. The coupling density is the number of direct interactions between two
modes, say u; (k) and u; (k,), and is exactly equal to unity. To observe this, direct interactions
between u;(k;) and other modes are schematically depicted in figure 1. There is only a
single direct interaction between any pair of modes owning to the constraintk +p + ¢ = o in
summations with respect to p and g. Since there are O(N), at the maximum, direct interactions
between a pair of modes in an N mode quadratic nonlinear dynamical system, and since the
number N of active modes is extremely large in fully developed turbulence, homogeneous
turbulence at large Reynolds number may be regarded as a dynamical system of strong
nonlinearity with sparse coupling. Incidentally, the sparseness introduced here has nothing to
do with the sparse Fourier components of spatially symmetric flows such as the Taylor—Green
vortex [2] and the high-symmetric flow [3] which were employed to save computer memory
in direct numerical simulations of the Navier—Stokes equation.

A nonlinear term causes an infinite hierarchy of moment equations. Closure theories of
nonlinear dynamical systems are after all to truncate this hierarchy, and to obtain a closed
set of equations for a finite number of moments. Traditional perturbation theories based
on the Reynolds number expansions are not valid for a system at large Reynolds numbers.

ui(—k1 — ks)

ui(—kl — k4)

ui(—k1 — ks)

Ui(—kl —kQ)

Figure 1. Schematic illustration of direct interactions between a Fourier mode u; (k) and the
others in the Navier—Stokes system. Each interaction is depicted by a triangle.
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Fortunately, however, if nonlinear couplings are sparse as for the Navier—Stokes equation (1),
there is a possibility to develop a successful closure. In this paper, we discuss the sparse
direct-interaction perturbation (SDIP)! [9, 10], which is based on sparseness of coupling. As
will be shown later, the coupling density should be compared with the number of degrees of
freedom. It is usual that any approximation may require at least one small parameter. One
of the purposes of this paper is to find such small parameters for validity condition of SDIP
which depends on the coupling density and the number of degrees of freedom, and which can
be small even in the large Reynolds number limit.

The rest of this paper is organized as follows. In the next section, we introduce a model
equation, in which the strength of nonlinearity, the coupling density and the number of degrees
of freedom are easily controlled. The SDIP is formulated for this model in section 3. It is
shown numerically in section 4 how the accuracy of the prediction by SDIP is improved as
the sparseness is decreased. Numerical evidences are given in section 5 for irrelativeness of
Gaussianity of dynamical variables to the basis of SDIP, whereas the procedure of DIA is often
explained based on the Gaussianity. The SDIP is successfully applied also to a shell model of
turbulence in section 6. Concluding remarks are given in the last section.

2. Model equation and coupling density

By introducing a model equation [10-12] for a set of real variables {X; |i = 1,2, ..., N},
d N N
X0 =3 CiXj(OXi(t) = v Xi(0) + fi(0), 3)
j=1 k=1

the coupling density of which is easily controlled. We shall discuss the essence of SDIP in
detail. Real constant coefficients C;j; are assumed to satisfy

symmetry: Cijk = Cij, “4)
detailed balance of energy: Cijx + Cjri + Cryij =0, 5)
absence of self-interaction: Cijj =0, (6)
uniformity: Cijk = Crem{i+m, Nirem{j+m, N}rem{k+m,N}
form=1,2,...,N—1, @)

where rem denotes the remainder between 1 and N. Because of symmetric appearance of X ; (¢)
and X (¢) in the nonlinear term, the anti-symmetric part of C;jx is irrelevant so that we can
always assume the symmetry condition (4). The detailed balance of energy (5) and the absence
of self-interaction (6) are analogue of the Navier—Stokes equation (1). The condition (7) is
imposed for simplicity since it is not essential to the present theme. Because of the uniformity
of Cijx, v and f; (see (8), below), statistics of X;(#) can be independent of i. This enables
us to concentrate on investigation of a crucial aspect of SDIP, i.e. the importance of nonlinear
coupling density. (See section 7 for another crucial aspect of SDIP in application to the
Navier-Stokes turbulence—the introduction of Lagrangian velocity field.) The uniformity

! In order to avoid a confusion, we have renamed our theory from ‘direct-interaction approximation’ (DIA) to the
SDIP. The name DIA is now permanently attached to Kraichnan’s theories irrespective of any version [4-8]. The
reason we used the same name in the past is that the results of our theory and his theory coincide in some special
cases though the approximation procedures are different in an essential way. For example, in the SDIP procedure
the deviation field is expressed by only three components of the zeroth-order field and the response function as will
be seen in (B4), while in the commonly employed DIA procedure, which was called RRE in [10], it is expressed
by full components of them. Compare (20) for SDIP and (47) for DIA (RRE version) in [10]. This difference is a
consequence of the fact that only a single direct interaction is treated as a perturbation in SDIP, although in DIA (RRE
version) full nonlinear term is done so.



1502 S Goto and S Kida

condition (7) is not satisfied for the Navier—Stokes equation, but a nonuniform system will be
also considered in section 6. A stepwise random force f;(¢), which is constant during a time
interval Az, is assumed to obey a normal distribution with zero mean and variance,
2 2v
= VAT ®)
Instantaneous values of forcing terms, f;(¢) and f;(¢'), are independent of each other either if
i#jor|t—t]> At.

We define the coupling density p quantitatively by the average number of direct interactions
between pairs of modes. In an N mode system, p can take a value between 0 and N — 2. Only
two extreme cases were dealt with in [10], namely the cases either that there is a single, at the
most, direct interaction between any pair of modes (o ~ 1), or that all pairs of modes have N —2
direct interactions through all of the other modes (o = N — 2). Here, we shall examine such
systems that have intermediate coupling density. Incidentally, as stated in section 1, p is exactly
equal to unity in the Navier—Stokes system (1). See appendix A for an example of a dynamical
system with intermediate coupling density. Direct interactions between X (#) and the other
modes in several cases of coupling density are schematically depicted in figure 2 for N = 20.

Figure 2. Direct interactions between X and other modes in the model system (3). The coupling
density is (a) p ~ 1, (b) 2 and (c) 18. N = 20.
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Note that because of restrictions (4)—(7) of coefficients C;;x, we cannot construct in general the
model system (3) with p exactly equal to an integer except the densest coupling case. Actually
we construct the coefficients C;j; in such a way that the number of direct interactions between
any pair of modes does not exceed [p] + 1 in order to make the nonlinear couplings as uniform
as possible.

The model equation (3) has three parameters: the dissipation coefficient v (or the Reynolds
number R = 1/v), the number N of degrees of freedom and the coupling density p. In the
following sections we shall investigate how validity of SDIP depends on these parameters.

3. Sparse direct-interaction perturbation

3.1. Correlation and response functions

To start with, we separate the variable X; () into two parts:

Xi(t) = x; (1) + Y; (1), )
where

xi(1) = X;(1) (10)
is an ensemble average (or a temporal average in statistically stationary cases), and Y;(¢) is a
fluctuation which satisfies

Y:(t) = 0. (11)

It is easy to derive the evolution equation for Y;(¢), from (3), (9)-(11), as

—Y (1) = ZZCuk 25,V (1) = Y;(OYi () + Y (O YD)} = v Yi(0) + f;(0). (12)

j=1 k=1

The purpose of second-order moment closure is to derive a closed set of equations for the
correlation function of the fluctuation,

Vi, t) =Y ()Y, (13)

which is governed by

N N
<i+v>V(t,t =3 Ciu{2x;OVOY (1) + Y;(0 YV (DY (1) }, t>1 (14

at j=1 k=1

and

N N
<% + 2v>V(t, HN=2"Y Cul2x;OV@OY:0) + Y,V (OY; ()} +2 f(DYi (1),

j=1 k=1
(15)

and for a few other statistical quantities (if necessary). In SDIP we introduce the response
function,

3Y; ()
8Y, (")’
where § denotes a functional derivative and G, (¢, t) = §;,,. The evolution equation of G;,, (¢, t')
is obtained by taking the functional derivative of (3) with respect to Y, (") as

Gin(t, 1) = (16)

Gm(rr)—zzzc,]k{x ) +Y;(D)Gra(t,) =V G2, 1), 1> 1, (17)

J=1 k=1
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an ensemble average of which leads to
d
at

N N
Gint. 1) =2 ) Cij{xjOGut. 1)+ Y;(0)Gia . )} = v Gin(t, 1), £ > 1,
j=1 k=1

(18)

with initial condition G;,(t, t) = &;,. The higher-order statistical quantities appearing on the
right-hand sides of (14), (15) and (18) must be expressed in terms of the quantities on the
left-hand sides under some reasonable procedures. In the following subsections, we perform
it by SDIP [9, 10].

3.2. Formulation of SDIP

The SDIP is based on the sparseness of nonlinear couplings, and consists of the following
two assumptions, which have been justified numerically [10]. If we artificially remove a
single direct interaction between Y;, (¢), Y, () and Yy, (¢), say, then (I) these three modes are
statistically independent of each other, but (II) statistical properties of the entire system are
hardly changed. In order to put these assumptions into practice, we introduce a decomposition
(the direct-interaction decomposition) at t = f#; that

0 1
Yi(6) = Y5 L (i) + Y ) o (¢lto). (19)
Here, an artificial field Yf;?o joko (t|tp), called the non-direct-interaction field associated with a

triplet of modes {Y;,, Y, Yy, }, is governed by

0°

d N N
3 Yk €10) = 3 3~ Ciid 20,0 Y, (tli0) = V(O V(0 )
j=1 k=1
Sl © (0) 0)
+ Z Z Cijij/gojokU (fllo)Yk/inoko (tlto) — v Yi/iojoko (tlt0) + fi(2), (20)
j=1 k=
(i, J.k}#{io. jo.ko}

and a deviation field Yi(/ll.)0 joko (t]ty) by

d . N N |
aYi(/i)ojoko (tlto) = Z Z 2Cijkxj (I)Yk(/l)'ojoko (tlto)
=1 k=1

N N
1 1
303 26X Y, (Eli0) = v Y (elio)
j=1 k=
{i, j.k}#io, jo,ko}

© ©
+8iio 2l joko ¥ jo i ko (110D Y i oty (t120)
© ©
+81jo2C jokoio Yy i joko 1000 Vi /i ok, (210)
0 0
+81k02Choioio Yoo ok L)Y 1 (t o). 1)

—

Observe that a difference between the governing equations for Y;(¢) and y©

Vo joko (t]to) is only
in the absence of a single direct interaction between {Y;,, Y;,, Y, } in the latter. Then, the SDIP
assumptions are stated as follows.

e SDIP assumption 1. Three modes {Yif)(;)io joko® ;(?/)io Joko? k((?/) io joko }, between which the direct

interaction is absent, are statistically independent of each other.
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o SDIP assumption 2. The deviation field Yi(/li)o joky (t170) is much smaller in magnitude than
the true field Y;(¢) in a statistical sense as long as t — #( is within the timescale of the

auto-correlation function V (¢, t').

Similar assumptions are imposed for the response function (see [10] for detail). Hereafter, we
omit the argument #, of Yl.(/oi)0 Joko (t]tp) for brevity of notations.

These two assumptions are satisfied better and better as the number N of degrees of
freedom of the system increases. As for the first assumption, when N is large, many modes
are coupled indirectly with those particular three modes, and such indirect interactions may be
well randomized and tend to cancel out correlations between them in a statistical sense. As for
the second assumption, an artificial removal of one direct interaction may have only tiny effects
on the entire statistics of a large system. Furthermore, it should be stressed here that the first
assumption requires also sparseness of nonlinear couplings. If couplings are denser, there exist
more indirect interactions between a triplet of modes through a small number of modes (e.g.
four-mode indirect interactions shown in figure 3), which are not expected to be randomized
enough to make correlations between the three modes negligible. Indeed, it is shown [10] that
in the densest coupling system (p = N — 2) this assumption is violated, and the prediction of
auto-correlation function by SDIP is far from satisfaction. Density dependence of accuracy of
prediction by SDIP will be estimated quantitatively in section 4.

The SDIP assumption 1 is employed as

VY i Yigine =0 (22)

and

OO y0 vO —vO¥0 ¥O ¥O (23)

ifijkTifijk” jlijk” j/ijk i/ijk Jlijk= jlijk
in the SDIP formulation (see appendix B). Itis a guiding principle in moment closure theories to
express higher-order moments in terms of lower-order ones. By a straightforward calculation,
using (22) and (23), we can derive from (14), (15) and (18) a closed set of equations for the
two-mode correlation and the response functions as

a 1
(— + U>V(t, t) = —26/ dt" G, t"HYV{E, "V, t")

ot "
p
+2C / di" G(t', ")V (¢, 1")?, t>t, (24)
ty
4o ve =2 (25)
J— v s = —
dr N
X; Xy X; X, X, Xy
X; X, X; X, X X

Figure 3. Four-mode indirect interactions between X;, X ; and X through a mode X.
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and
a t
(5 + v)G(t, t) = —ZC/ dr" v, "G, "G, ). (26)
p
Here, G(t,1") and C are defined by
G, 1) =Gyt 1) (7)
and

N
c=Y > Ch. (28)

j=1 k=1

respectively. The linear equation (25) can be integrated to be

Vit t) = . {V(O, 0) — l}e—“. (29)
N N
It is interesting to see that (24) and (26) permit a solution which satisfies
Vi, th=V({E, )G, 1), (30)

since each of them then leads to
8 t
<E + v)G(t, t) = —ZC/ dt" G, "G, t"HGE", Vi, ). 31D
o

Equation (30) implies that the response function plays the role of a linear propagator on the
correlation function. It should be noted that the artificial time #; in (24) disappears automatically
as soon as (30) is assumed. Hereafter, we call (29)—(31) the SDIP equations.

4. Accuracy of SDIP

Here, we show explicitly that the SDIP equations give an extremely good prediction even in the
limit of the large Reynolds numbers (R — 00) by examining the solutions in the statistically
stationary state, in which V and G may be expressed as

V(r) =Vt +1,1),

(32)
G@) =G +7,1),
where t > 0. Then the SDIP equations (29)—(31) are reduced to
1
V) = —, 33
(V) N (33)
V(t) =V(0)G(7) (34
and
d 2C t
— V)= ——— [ de'V(E)? V(i —1)). 35
<dt+v> (1) YO /. T V()" V(T —1) (35)
For later use, we define here the auto-correlation time 7. as
1
T.(p,N) = —. 36
(p, N) 5TV 0) (36)

The SDIP equation (35) does not depend on p and N in the limit v — 0, if V and t are,
respectively, rescaled by V(0) and t.(p, N).

Figure 4 compares predictions Vsprp of the auto-correlation function by the SDIP
equations (35) and results Vpns of direct numerical simulations of (3) for several combinations
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Figure 4. Auto-correlation function of the model equation (3) for various combinations of N and
p in the case R — o0. ( ): SDIP; (——): direct numerical simulation.

of (p, N) at the infinite Reynolds number (i.e. v = 0). The agreement is better for larger N
or smaller p, and it is excellent in the case that o ~ 1 and N > 1. This is consistent with
the intuitive argument made in section 3.2 that SDIP should be more accurate as the nonlinear
couplings are sparser and the number of degrees of freedom is larger.

In order to make a quantitative comparison, we introduce an integrated difference,

S5~ dt [Vspp(t) — Vs ()]
Jo_dz [Vons (1)

Aspip = (37
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which represents a discrepancy between a direct numerical simulation result and a prediction
by the SDIP equations, i.e. small Agpip implies validness of the SDIP equations. Numerical
results of Agprp evaluated for various p (<« N) are plotted in figures 5(a) and (b) for N = 10?
and N = 103, respectively, in the limit of R — oo. Their p dependence is qualitatively
consistent with the above results on the auto-correlation function. As seen in figure 5(c),

() 0.6
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Figure 5. Coupling density dependence of the integrated difference Aspp. v = 0. (@) N = 102,
(b) N = 10% and (c) (O): N = 10%; (®): N = 10°.
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Agpip seems to be a function of p/+/N. Thus, it is numerically suggested that the SDIP
equations may be valid as long as

o < VN (38)

even if R — oo.

This validity condition (38) of the SDIP equations is consistent with SDIP assumption 1,
which is grounded on sparseness of nonlinear couplings and on largeness of the number of
degrees of freedom. This may be understood as follows. The simplest indirect interactions
between a triplet of modes {X;, X;, X} are four-mode interactions which involve one more
mode X, (figure 3). Since such a small-number-mode interaction may bring non-negligible
correlation between the three modes, the independency assumption (SDIP assumption 1)
deteriorates. (It requires that indirect interactions should be randomized enough so that their
effects to the correlation can be neglected in a statistical sense.) The probability g of the
existence of a four-mode interaction is evaluated as

0 p <1,

qg=13p( -1 (39)
x> )0 > 17
N

for N > 1. It is expected that Agprp is smaller for smaller g. This may be the reason why
Asgprp is a function of p/«/ﬁ; note that g ~ 3(,0/«/ﬁ)2 forp > land N > 1. Itis concluded,
therefore, that SDIP should be valid for systems which satisfy the condition (38) irrespective
of the Reynolds number.

5. Irrelativeness of SDIP to Gaussianity

It is known (see, for example, section 19.6 of [13]) that Kraichnan’s DIA equations are
derived by a variety of methods based on different ideas and procedures®. In contrast with our
SDIP described in the preceding section, many of the authors (e.g. [11, 14, 15]) assumed the
Gaussianity of dynamical variables, and employed the well-known mathematical properties of
a set of probability variables, {Yi(G) li =1,2,3,...} which obeys a joint Gaussian distribution
with zero mean: an odd-order moment vanishes, e.g.

(G) (G)y,(G)
Y v v =0, (40)

and an even-order moment is expressed in terms of second-order ones, e.g.

(G (G y (@) y(G) _ y(G)y(G) y(G)y(G) (G)y(G) y(G)y(G) (G)y(G) y(G)y(G)
A R A A A S e AL A A U RS A (el S AL C 1Y

It should be emphasized that (40) and (41) are formally resemblant to (22) and (23), but their
bases are essentially different from each other in the sense that the validity of (22) and (23)
has nothing to do with the Gaussianity of the dynamical variable. In the following we perform
two kinds of examinations which show that SDIP is never based on Gaussianity. In the first
examination SDIP does not work well, though the pdf of X;(¢) is nearly Gaussian. In the
second examination the pdf is far from Gaussian but the prediction by SDIP is excellent.

The mth order moment of X; (¢) is defined by

M, (1) = X;(t)". (42)

2 As stated at the footnote in the introduction, our SDIP also gives the same DIA equations in some special cases
although not always.
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Here, we deal with a non-stationary uniform system, in which an average is defined by

N J

(1) = LZZW;;) (43)

NJ 3 j=1
instead of the temporal average adopted in a stationary case. Index j denotes a realization of J
(>>1) initial conditions. The average (43) is taken over both N modes and J initial conditions.
For the purpose of showing the irrelativeness of SDIP to Gaussianity, the following four initial
pdfs P(X;, t = 0), which satisfy
1

My©0) = . (44)
are examined:
. 1 X}
Init-(a): P(X;,0) = exp| -5 |, (45)
27‘[0’12 207
it-(b):  P(X;,0)=1{s(X; = 1) +8(X; +1)}. (46)
0, X; < —o3,
Il’lit-(C): P(Xi, O) = ; exp(—}(i;zo-zz), X; > —022,
J2radx o) 207
47
0, Xi < O?
Init-(d): P(X;,0) = 1 Xi 48
nit-(d): (Xi,0) ———exp| — 75 X; >0, (48)
\/27”7732)([ 203
where
12 12
=L s (VT o (Y)Y (49)
N 2N 3N

Initial pdf (a) is Gaussian, whereas the other three are far from Gaussian. Initial pdf (b) has
two peaks, (c) and (d) have non-vanishing skewness factors, and (d) has non-vanishing mean
M, (0) = o} as well.

Temporal evolutions of the pdfs obtained by direct numerical simulations of (3) with
N =103, v =0and p ~ 1 are plotted in figure 6. It is observed that each system relaxes to a
statistically stationary state, which does not depend on the initial conditions. This statistically
stationary state may be Ergodic, in which a state point migrates densely and homogeneously
on an equi-energy surface in the N-dimensional phase space. The pdf is then estimated as

ooy TN s
P(Xi, 00) = —— (= XD, (50)

where I' is the Gamma function. The numerically obtained pdf for various values of the
coupling density p actually tends to (50) at ¢+ > 7. (figure 7). Here, we should note that
expression (50) is valid irrespective of coupling density p as long as a conservative system is
concerned, and that (50) tends to a Gaussian in the limit of N 3> 1. These facts imply that
SDIP, which strongly depends on coupling density, is not necessarily stuck with Gaussianity.
In the statistically stationary state (r > t.) of the system with dense couplings and large
degrees of freedom, the pdf is nearly Gaussian but SDIP does not work since (38) is violated
for dense p as seen in the preceding section. This is the first examination which shows that
SDIP has no relation with Gaussianity.
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(@) ‘ ®)

10> - : . 10

-0.08 O 0.08 -0.08 0.08

Figure 6. Temporal evolution of the pdf P(X;,). Each line denotes P(X;,1); t = 0, At,
2At, 3At, ... (At = 0.17;). Figures (a)—(d) correspond to the initial pdfs (a)-(d), respectively.
N=10v=0,p~1,J =10°.

10

107

107

10°

Figure 7. Pdf of X; () in the statistically stationary state (¢ > t.) obtained by direct numerical
simulations. Coupling density p ~ 1, 10, 20, 30, ..., 100; these curves overlap not only with each
other but also with the theoretical prediction (50). N = 103, v=0,J =103,

In terms of the skewness factor,

M)
S0 = 3 (51)
and the flatness factor,
M.
£(t) = 4(1) (52)

M, (1)?’
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(a) s G

(&)
/) .
s(t) ] s(t)
1 1 1 ‘I—.\_.— 1
2 3 4 0 1 2 3 4
t/7e t/7e
Figure 8. Temporal evolutions of the skewness s(¢) and the flatness factors f(¢) of X; (¢). (— - —):
N =103 (—--—): N = 10*; (—- - -—): N = 10°. Figures (a)~(d) correspond to initial pdfs

(@—(d). v=0,p~1.J =10 10210 for N = 103, 10*, 10°, respectively.

we may estimate the relaxation timescale from the initial non-Gaussian pdf to the one expressed
by (50). Simulation results of the skewness and flatness factors are plotted in figure 8, in which
time ¢ is normalized by the auto-correlation time 7. (see (36)). It is seen in this figure that
the deviation of pdf P(X;, t) from a Gaussian is significant before the auto-correlation time
(t < 1) evenif N is large when the initial pdf is non-Gaussian.

Now we proceed to investigate the auto-correlation function,

V(1) = V(t,0), (53)

of a non-Gaussian variable when the pdf P (X;, 0) is taken as one of (b)—(d). It is easy to show
from (29) to (31) that the SDIP equation for V(1) is the same as (35) in the limit of v — 0.
Figure 9 compares direct numerical simulation results of V(¢) with the prediction by the SDIP
equation (35) for each of the four initial pdfs. The SDIP predictions are excellent irrespective
of the initial pdfs. This is the second examination which explicitly exhibits irrelativeness of
SDIP and Gaussianity.

6. Application of SDIP to a shell model of turbulence

In previous sections, we dealt with a uniform system as a simple case. Here, we extend it to a
non-uniform system which is closer to the Navier—Stokes equation, and show that SDIP works
excellently.
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t)Te t)Te

t/7. t/7

Figure 9. Auto-correlation functions V(#). In each figure, direct numerical simulation results for
N =10 (—-—), N =10* (—--—)and N = 10° (—- - -—) are plotted together with the
solution ( ) to the SDIP equation. Figures (a)—(d) correspond to initial pdfs (a)—(d). v = 0,
p~1.J= 103, 102, 10 for N = 103, 104, 105, respectively.

Let us consider a dynamical system of real variables {XI.([) | i =1,2,...,N; 1l =
1,2, ..., lhax} as
d 2 VX
{d—t +v (k) } X =2k" Z} Zl Ciim X" (OXED (1)
N N Jm_
+ TSN Cln X TV OXETV (@0 + fon. (54)
=1 m=1

Here, C;;,, is the same as the coefficient introduced in section 2 with p ~ 1, and k® is the
wavenumber defined by

kO = pl. (55)

System (54) may be regarded as a kind of shell models of turbulence, which is composed of
Imax shells of N components (see [16] for a review of shell models). Any pair of modes X l.(l) and
X" in this model has only a single direct interaction (i.e. sparse coupling) and the interactions
are limited in adjacent shells. This latter property of localization of nonlinear interactions in the
wavenumber space is an essence of shell models, and implies that the dynamical variable X l.(l)
mimics the Fourier mode of the Lagrangian velocity. Note that the Eulerian velocity suffers
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from non-local-in-scale interactions known as the sweeping effects. It is interesting that this
model, as well as other shell models, exhibits the Kolmogorov similarity [17]. Figure 10(a)
plots the energy spectrum

1 N
EOW = 5 > @ ) (56)
i=1

obtained by direct numerical simulation (D = ¢'/?, v = 3.0 x 1078, f = 1, N = 10 and
Imax = 32) of (54), where the wavenumber and the spectrum are normalized by k; = €3/4p=3/4
and €'/4v3/4, respectively. Here, € = 2v Y im (k®)? E® is the energy dissipation rate. It is
observed that E() obeys the (k) ~/3 power law in the inertial range (k) < k).

(a) 10" T T
El 1+ o.. i
= .
:\ °
IS
°
10 | R |
10° 1
kD [ kg

(b) T T

0 0.5 1 1.5

TGOS

Figure 10. (a) Energy spectrum of the shell model. D = ¢'/2, v = 3.0 x 1078, f = 1,
N = 10 and /pax = 32. Solid line denotes the prediction by SDIP in the inertial range,
ED = 1.01*3(,®)=3/3. (b) Auto-correlation function in the inertial range. Thin 16 lines
are results of direct numerical simulation, thick line is prediction by SDIP.
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Procedure of SDIP for system (54) is essentially the same as that for (3) described in
section 3.2. In terms of the auto-correlation function,

vOar -1 =x"0x @, (57)
and the averaged auto-response function,
sxP
GOt —1) = T() (58)
8X.7 ()

the closure equations are written as

20k VP (0) = 4ckD)* v 0y (v *P(0) — V(Z)(O))/ dr GV () (G (2))?
0

—4C(k"=2v Doy (v ) — vID (o)) / e G () (G (1))%,
0

(59)

{% + v(k“>)2} GV (r) = =20k (v (0) + VP (0))

% /T dr’ G(I)(T/)G(l)(.[ _ ‘C’)GUH)(‘[/)

0
—2¢(k"=Dy2y =D () / ' de’ GO (x = )GV (1"))? (60)
0

and

vO (@) =vP0)GP (1), (61)

in place of (29)—(31) for the uniform system. Here, we have assumed statistical stationarity of

the system, and X i(l) () =0.
Energy transfer function 7¢) and energy flux function I1%) are, respectively, defined as

d
TO1) = {E + u(k<’>)2} ED @), (62)
lmax
nha) = Z kOTO @), (63)
=l
Noting that the energy spectrum is written by the one-time auto-correlation function as
N
o) _ 0]
EY = 750 V(0), (64)
we obtain
8C *°
n® = W(]((1—1))3E(1—1)(k(l—l)E(l—l) _ k(l)E(l))/ d‘L’(G(Z_l)(T))ZG(I)(‘L') (65)
0
and

d 4C
{E + v(k(’))z} G(l)(‘l:) — —W(k(l))z(k(Hl)E(Hl) + k(l)E(l))

x/ d’'GPH G — ) GHV ()
0

_%(k(l—l))3E(]—l) fT d_L,/ G(l)(_L, _ _L,/)(G(l—l)(_[/))z
0

(66)
from (59) and (60), respectively.
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Now we solve the SDIP equations (65) and (66) in the inertial range, and show that the
solution is consistent with the Kolmogorov similarity. First, we assume a scale similarity both
in the energy spectrum and the response function as

ED — A(k(l))a,

T . 67
GO(r) =g (W> with 70 = B(k?)P. 67

In the inertial range, the viscous term in (66) is negligible, and the energy flux function is a
constant equal to the energy dissipation rate, T’ = €. Then, the SDIP equations (65) and
(66), respectively, require the relations 4+ 2+ = 0, A’B o € and 3+a+28 = 0, AB?  €°,
which lead to

a=-3 B=-3 (68)
and
A= K3, B=¢1 (69)

without loss of generality. Here, K is called the Kolmogorov constant of the present shell
model (54). The exponents (68) represent the Kolmogorov similarity, i.e. the energy spectrum
is proportional to (k")) ~3/3 and the correlation time (k) =2/3. Then, (65) and (66), respectively,
yield

2 o)
1= SII(VC(I _ D72/3)/ dt(g(t))Zg(DZ/?)t) (70)
0
and
d 4KC !
at® = _T{(Dm“)/o dr' g(t)g (e — 1)g(D 1)

+D‘4/3/ dr’ g(r — t/)(g(D_2/3t/))2}. (71)
0

The Kolmogorov constant K and the auto-correlation function g(t/t®) = VO (z)/v®(0)
are estimated by solving (70) and (71). Then, we obtain K = 1.01, which is compared with the
value 0.97 determined by the least mean square method of the energy spectrum in figure 10(a).
The auto-correlation function is compared with the results of direct numerical simulation of
(54) in figure 10(b). Predictions of both of K and g by SDIP agree with the simulation results in
high precision. We may conclude, therefore, that SDIP applies to this shell model successfully.
Incidentally the Kolmogorov constant K as well as the functional form of g(¢) depend on the
model parameters D and C/N.

Finally, we stress again that the variable X[(l) of the shell model (54) may mimic the
Lagrangian velocity rather than the Eulerian counterpart because the correlation time of the
variable is proportional to €'/3(k)~2/3 (see figure 10(b)) rather than (k’)~! as the Eulerian
velocity [18]. In this sense, the present SDIP is of Lagrangian nature, and its success is
consistent with that of the Lagrangian SDIP for the Navier—Stokes turbulence [9].

7. Concluding remarks

The second-order statistics of a quadratic nonlinear dynamical system are well described by
SDIP. This approximation is based on the SDIP assumptions (see section 3.2) that the three-
mode correlation is induced mainly by direct interactions between them, and that a removal of
a single direct interaction may be treated as a perturbation from the true field. Sparseness of
nonlinear couplings and largeness of the number of degrees of freedom play key roles in these
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assumptions. We applied them to the model equation (3), and obtained the SDIP equations for
the two-mode correlation and the average response functions, which give excellent predictions
of the auto-correlation function both in the statistically stationary and non-stationary states
(figures 4 and 9), when the coupling density p (i.e. the number of direct interactions between
two modes) is sufficiently smaller than the square root of the number N of degrees of freedom
(figure 5). We emphasize that validity of SDIP is related neither with the strength of nonlinearity
(the Reynolds number) nor with the Gaussianity of pdf of dynamical variable. Indeed, the
Reynolds number in figure 4 is infinitely large, and three pdfs of X; in the cases of figure 9 are
far from Gaussian.

The SDIP is also applied successfully to a shell model of turbulence with sparse coupling.
The solution to SDIP equations agrees excellently with the Kolmogorov similarity law of
energy spectrum in the inertial range (figure 10). The dynamical variable in this model has
Lagrangian nature, and this result is consistent with the fact that the Lagrangian SDIP [9] for
the Navier—Stokes turbulence is successful but the Eulerian counterpart fails to express the
inertial range properties. In the application of SDIP to a dynamical system, the choice of the
representative is important in addition to the sparseness of nonlinear coupling. The Lagrangian
velocity is the appropriate representative for the Navier—Stokes turbulence. We must admit,
however, that it is not completely understood why the Lagrangian velocity should be employed
instead of the Eulerian one, though this problem has been discussed extensively in terms of
the Galilean invariance, the sweeping effect, etc.

Appendix A. An example of intermediate coupling density system

We give an example of a system with intermediate nonlinear coupling density using the Burgers
equation,
2

0 0 0
Ev(x,t) = v(x,t)av(x,t)+vmv(x,t), (A1)

where 0 < x < L. In the case of the periodic boundary condition, the nonlinear coupling
density p is equal to 1 similarly to (1) because v(x,f) can be expanded as v(x,t) =
>, U(k, t) e**. However, when the boundaries are rigid,

v(0,1) = v(L,t) =0, (A2)
the field is expressed, in general, by
2 o0
v n) = = ; 5,(¢) sin (%x) . (A3)
Then, (A1) is written in terms of v, as
d nm\2] . I &S & gm . .
{E +v (T) } 50 = 7 ; ; 5,8, G + 8pgin = 04 pn)- (A4)

This system has intermediate coupling density, p ~ 2.

Appendix B. SDIP formulation for a system with non-zero mean

Similarly to (19), the response function G;, (¢, t') is also decomposed as

Gint,t) =G @, )+GY. (@1, (B1)

in/io joko in/ig joko
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where the two quantities on the right-hand side are, respectively, governed by

d
(0) § § 0) ’
at ln/lojoko (1 ) - 2 C’ka/ (t)Gkn/lojoko (t,1 ) Glﬂ/lojoko (1)
=1 k=1

N
0
+ 3N 2CY 0GR, (1) (B2)
j=1 k=1
{i,j.k}-{io, jo.ko}
and
d (1) gl (1) (1)
/ /
37 Gintinioke (11 = D2 2Cix (G iyt (5 1) = VG oty ()
j=1 k=1
N N "
+ ZZ 2CinYi (OG0 ik & 1)
j=1 k=1

{i,J,k}#io, jo.ko}
0 0
+81102 Cloloko{on (I)G( ) i (t, t/) + YkO (I)Ggozl/iojoko @, t/)}

kon/lojoko
+81j02 Ciokoio Yo (DGO (1,8 + Yy (DG . (1,1))

ion/io joko kon/io joko
(] / (0) /
+3ik02 Ckoiojo{ (t)GJon/lo]oko (t,1)+Y (t)Glon/lo]oko (1}, (B3)

(©)
i (t,1") as Green’s

with G (t,t) = §;, and GV (t,t) = 0. Then, by employing G;

in/io joko in/iojoko
function, we can express formal solutions of (21) and (B3) as

t
(1) _ (0) ’ (0) (0) ’
Yl/lojoko (tlo) = / {2 Gllo/lojoko (1 )CinokO Y/o/lojoko( ) ko/io joko )

(0) ’
+2 Gljo/lojoko (.1 )C/OkUZO ko/lojoko (t )Y io/ i joko )

0) 0) 0) ’
+2 Giko/iojoko (.1 )CkolOJO Ylo/lojoko (t )on/lojoko ) }’ (B4)

and
GV, 1) =

t
0 0 0
/ A" [2G iy ok (0 1) Cig ot LY is VG o i ok (5 1) + Vi (VG G114, (1))
t/

+2 G i ) Cotaio | Y @G i (1) + Y3 ()Gl (@ 1) )

ijo/i0joko ion/iojoko kon/ io joko
0 0
+2 G ik € 1) i { Vi 1) G ) " )+ Y, NGO @ )] (B5)

Jon/io joko ion/io joko
Decompositions (19) and (B1) are naive extensions to a system with non-zero mean of that with
zero mean x; = 0 (see [10]). The resultant SDIP equations (24)—(26) are the same between
the two cases as shown below.
The first term on the right-hand side of the evolution equation (14) for the auto-correlation
function is written as

N N -
(First term on the rths of (14)) = Z Z 2 Cijixj (DY) Y (@)
j=1 k=1

0
+ 2 Cijpxj (DY) OY ) (1)

M= 1M2
i

2 Cijix; (VY OY ), (B6)

<
Il
=
~
Il
=
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where higher-order terms have been neglected. The first term of (B6) vanishes because Yl(/ z), p

and Y, k(?f j« are statistically independent of each other, and because Yl(/ol)j «(#) = 0. Furthermore,

by substituting the formal solution (B4) of Yl(/ll)0 joko (1), the other two terms are also shown to

be zero. For example, the second term of (B6) is rewritten as
(Second term of (B6))

t
0 0
= Z i,-kx,-(t)/ dt//{CijkG,(d)/ijk(t Y YL Y
j: k=1 fo

+C i G (. 1V Y AV Y00 ()
v At (B7)

i/ijk
where we have assumed that an Jijx and Y, .., are statistically independent of each other
because they have no direct interaction. (Vahdlty of this assumption has been checked
numerically [10].) Then, all the terms in (B7) vanish because of independency between X l( /Z e

X(/”k and X,i(;)ijk. Thus, it is shown that
(First term on the rhs of (14)) = 0. (B8)

Next, the second term on the right-hand side of (14) is written as

(t//)y(o)

+Ckllek/z]k(t’ t//) jlijk

Y )

(Second term on the rhs 0f(14))_ZZZC,Jk yO oY oy @)

Jlijk k/ijk i/ijk
j=1 k=1
N N
£ D ACHY OV OY,0 ()
j=1 k=1
N N
+ Z D 2CuHY OV O @) (B9)

_.
~
Il

1

~.

where higher-order terms have been neglected. The first term vanishes. A straightforward
calculation after substitution of the formal solution (B4) into the second and the third terms
leads to the right-hand side of (24). The SDIP equation (25) for one-time correlation function
is derived from (15) by the same procedures.

The SDIP formulation for the response function equation (18) is also straightforward.
Since only auto-response functions G(¢, t') = G;; (¢, t’) appear in the SDIP equations (24) and
(25), we put i = n in (18). Then, the first term on the right-hand side of (18) is written as

(First term on the rhs of (18)) = Z Z 2Cijnx; (z)|G,ﬁ?}ijk(t, 1)+ Gyt :')}. (B10)
j=1 k=1

It can be shown, by substituting (B5) into the second term of (B10), that both terms of (B10)

vanish because Gk[ Jijk(t, 1) = 0and Y;(z) = 0. Next, the second term on the right-hand side
of (18) is rewritten by substituting the direct-interaction decompositions (B1) as

(Second term on the rhs of (18)) = Z Z 2 c,,-kiyj (DGt 1)+ Y, (DG, (. z/)}.
j=1 k=1

(B11)
The first term of (B11) vanishes, since Y; and G,(fi))/i jx are statistically independent of each

other, and since Y;(tr) = 0. Using (B5), the second term of (B11) is shown to lead to the
right-hand side of (26). Thus, we arrive at (26).
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